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SUMMARY
Two distinct problems are studied in this thesis. 
In Chapter 1 we deal with the successive minima of 
a parallelogram and its polar parallelogram in .
We prove the following theorem:
If is the first minimum of a parallelogram
symmetric about the origin in the lattice -A. of 
points with integral coordinates, and m^ is the 
second minimum of the polar reciprocal parallelogram 
with respect to the same lattice-A., then
In Chapter 2 we discuss compounds of convex 
bodies, which were defined by Mahler in [5 J. Our 
problem is to find an analytical description of 
the second compound of the 5-dimensional unit sphere. 
As we were unable to obtain an answer, we describe 
the various methods attempted and the difficulties 
encountered which we were unfortunately unable to 
settle. We end with a plausible conjecture concerning
where the constant is best possible
the answer to this problem.
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1CHAPTER 1
AI'T INEQUALITY FOR THE SUCCESSIVE 
MINIMA OF PARALLELOGRAMS
Introduction
In the following pages, we consider only convex 
hodies in R9 with centre at the origin 0 . It 
is convenient to state some definitions and theorems 
which are fundamental to the discussion.
DEFINITION 1 . If K is a hounded convex "body
containing 0 as an inner point, let T[x] he the
-1set of all positive t ’s for which t X e K , and 
let
F(X) = inft£-T[X] t 5 F(0) = 0 •
F(X) is called the d.istance function of K . Clearly 
F(X) > 0  if X ^ 0 . The hody K consists of all 
points X for which F(X) <, 1 .
DEFINITION 2. If K is a convex hody in R2 , 
symmetric in 0 , and m a real positive number, 
then mK denotes the hody which consists of all 
points mX where X belongs to K .
2DEFINITION 3* Let K be a convex body of 
distance function F(x) , -A the lattice of all 
points with integral coordinates. Then
(K,A) is the minimum of F(X) over all 
X =* 0 in -A. , attained say at the lattice point X^  . 
Next m^ = m0(K,A) is tlie minimum of F(x) for all 
X € A  that are linearly independent of X^  ; assume 
m2 is attained at the lattice point X^ .
The minima , m^ do not depend on the special 
choice of the lattice points X^  , X^ , and they 
satisfy
0 < m1 < m2 ,
and Minkowski’s inequality
V(K) m^m2 < 22
where V(K) stands for the volume of K .
In 1932 and 1937 respectively, Riesz [4] and 
Mahler [2] obtained independently the following result.
THEOREM OF RIESZ AND MAHLER
Let K and K ’ be a pair of polar reciprocal 
bounded convex bodies in , and let _A_ be the 
lattice of all points with integral coordinates in
3Rg . Then
1 < m1(K)m2(K?) < 2 .
The constant 2 was found hy Cassels ([1], Chapter 8),
2and improved on the 2 of Mahler.
In what follows (K)m2(Kl) will he called 
simply m^m^ . Clearly we have identical hounds for 
the product m^m2 , as this only involves inter­
changing the hody with its polar hody.
The lower hound 1 for is best possible,
and it is easily seen to he attained when K is 
the square with distance function
F(x,y) = max ^|x|, |y| ^ ,
and the polar reciprocal hody K* has distance 
function
G(x,y) = max ||x+y|, |x-y| ^ .
To make the concept of polarity simpler, we 
consider our space to have a rectangular
coordinate system; in this system the only lattice 
we use is A. , the lattice consisting of all points 
with integral coordinates.
We consider polarity with respect to the unit
4
2 2circle x + y = 1 . The polar of the point (a,b) 
is the line ax + by = 1 and conversely. It is 
well known that points on the same line ax + by = 1 
have, as polars, lines through the same point (a,b) , 
and conversely.
We aim to find the least upper hound for the 
product m^m2 in the particular case of parallelo­
grams symmetric about the origin. We shall prove 
the follOY/ing result.
THEOREM. If m^  is the first minimum of a 
parallelogram symmetric about the origin in the 
lattice W  of points with integral coordinates, and 
is the second minimum of the polar reciprocal 
parallelogram with respect to the same lattice -A- , 
then
1 < m^m^ < 3 / 2
where the constant 3/2 is best possible.
The equality m^m^ = 3/2 holds e.g. in the 
following three cases, where the parallelograms 
have distance functions:
F., (x,y) = max 1 |x + iy1, ui
f 2(x ,y) = max £ 1ix + y|, 1*1}
F3U,y) = max 11x + y 1, 1-ix + iy
5These parallelograms are illustrated on this page 
and the next two pages.
(i)
^ (1,0 ) = 
g.,(o,i ) =
P1 (x,y) = max j1 I X + iy\,
G1 (x,y) = max 1[|4x + y | ,
= ) p 1 (0,1) = m 2 = 1 .
= m«^  ) Gi (1,0) = 3/2 =
l y l ]
I ( 3 / 2 ) x  -  y |  }  
= ^  0 , 1 ) •
6( i i )  P2 (x ,y )  = max j j i x  + y | , «1}
&2 (x ,y)  = max £|x + £y | , X -  (3 /2 )y |  ]  .
P2 (1>°) = m1 = 1 , P2 ( 0 , 1) = m2 = 1 , P2 ( -1 ,1 )  = 1 .
G? (1 , 0 } = = 1  , G2 (0 , 1 ) = G-2 (1 , 1 ) =
= 3 / 2  .
•Hg = 3/2 .
a. y
7F
G-
(iii) F^(x,y) = max jjx + y| ; | “ix + iy | ^ .
G^(x,y) = max (|ix - (3/2)y I. |(3/2)x - iy|^ .
(1.,0) = mi = 1 , f 3 (o ,i ) = F(-1j,1 ) = m2 = 1 •
(1., -1 ) = = 1 , G3 (0,1) = 03 (1J,0 ) = m2 = 3/2 .
= 3/2 .
Ay
> X
8Minkowski [3] showed that for any convex body 
in Rg , in the lattice -A- of points with integral 
coordinates and determinant 1, a suitable affine 
transformation with integral coefficients exists 
which transforms this body K into a new convex 
body for which the distance function F(x,y)
is reduced; that is, it has the property
F(1,0) < F(0,1) < F(-1 ,1 ) < F(1,1) .
Further F(1,0) = and F(0,1) = mQ are the two 
successive minima of over -A- .
This same transformation leaves the lattice 
invariant. Two further properties of this trans­
formation which are important for our purposes are: 
(i) A parallelogram K is transformed into a 
new body which is also a parallelogram.
(ii) The values of the successive minima of the 
parallelogram K are the same as those of the new 
parallelogram .
The polar figure of the new parallelogram 
has a distance function G-(x,y) which in not 
necessarily reduced. It has the same successive 
minima as the original polar figure. It is clear 
then that the value of the product m^m^ is
9invariant under Minkowski’s transformation.
We shall therefore suppose, without loss of 
generality, that the distance function P(x,y) 
of each given parallelogram satisfies the conditions
F(1,0) < F(0,1) < F(-1,1) < F(1,1) (1)
where = F(1,0) and m^ = F(0,1) are the tv/o 
successive minima.
We shall denote the sides of our parallelogram 
P "by the lines
ax + by = + 1 , cx + dy = + 1
The distance function F(x,y) of the parallelogram 
P is
F(x,y) = max ||ax + by|, |cx + dy| ^ . (2)
The polar parallelogram P ’ has vertices at the 
points + (a,b) , + (c,d) . Its sides are the lines
x(b-d) - y(a-c) = + 1 , x(b+d) - y(a+c) = ±  ^
ad - be ad - be
and its distance function G-(x,y) is
G-(x,y) = max (b-d)x - (a-c)y (b+d)x - (a+c)y . (3)
ad - be ad - be
10
4Distance functions F(x,y) and F^(x, y) = ^ P(x,y)
where h is positive correspond to parallelograms 
which are similar in the ratio 1 : h as in
elementary geometry. The corresponding polar parall­
elograms have distance functions G-(x,y) and 
Gh (x,y) = h G(x,y) . For such pairs of similar 
parallelograms, if nr , m.! and nr^ ,
(i=1,2) are the corresponding minima, then 
m^ m,^  = * ^or examPle> let the distance
function of P : F(x,y) <1 he
If h = 2 , the similar parallelogram P* has the
distance function iF(x,y) . Its polar P*' has
the distance function 2G(x,y) . The value of
m.ml for P* is the same as that for P .1 2
Then
11
In the distance function
F(x,y) max cx +
a and c cannot "be doth zero. Without loss of 
generality, suppose a > c 0 . Instead of 
P : P(x,y) < 1 , we consider the similar parallelo-
-i
gram P* : — P(x,y) < 1 with its polar8.
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p a r a l l e l o g r a m  P * ’ : aG (x ,y )  £  1 . T h e i r
s u c c e s s i v e  minima a r e  m* = am  ^ , m* = am2 and 
m| ’ = -  m^J , m*’ = ^  m,!, j so t h a t  m*m* ’ = m^m^ . 
Thus i t  s u f f i c e s  t o  i n v e s t i g a t e  P* and P* f 
i n s t e a d  o f  P and P 1 . T h is  i s  e q u i v a l e n t  to  
a ssum ing  t h a t  a = 1 , 0 < c < 1 , a s  we s h a l l  do 
from now on. T h a t  i s ,  we d i s c u s s  t h e  p a r a l l e l o g r a m s  
which  have  d i s t a n c e  f u n c t i o n s
F ( x , y )  = max j*|x + b y | ,  fcx + dy |  J (4 )
where  0 < c < 1 F o r  t h e s e  p a r a l l e l o g r a m s
F ( 1 , 0 )  = 1 . T h e i r  p o l a r  d i s t a n c e  f u n c t i o n s  a r e
G (x ,y )  = max ( ( b - d ) x  -  (1 - c ) y (b+d)x  -  ( l + c ) y
d -  he d -  he
(5 )
I n  o r d e r  to  p r o v e  o u r  a s s e r t i o n ,  we have  to  p ro v e  
nip < 3 ^ 2  . T h is  a s s e r t i o n  w i l l  h e  p r o v e d  i f  we can 
f i n d  two i n d e p e n d e n t  l a t t i c e  p o i n t s  ( x ^ y ^ )  and 
( x ? , y 2 ) f o r  which  a ( x 1 ,y ^ )  £  3 /2  and G(x2 , y 2 ) £  3 /2  
where G (x ,y )  i s  t h e  d i s t a n c e  f u n c t i o n  o f  t h e  p o l a r  
p a r a l l e l o g r a m .
Depending  on t h e  v a l u e  o f  b , we d i s t i n g u i s h  
t h e  f o l l o w i n g  f i v e  t y p e s :
1 . 1 <_ b < 00
2 . 0 < b < 1
3 . b = 0
13
4. -1 < l) < 0
5. -oo < t> je -1
The following diagrams illustrate the five 
"basic types of slope of one pair of sides 
x + "by = + 1 of the parallelograms.
1 . 1 < h < oo 2. 0 < h < 1
14
5. -oo< lo je —1
r
These f i v e  ty p e s  a r e  f u r t h e r  s u b d iv id e d  
d e p en d in g  on th e  d i r e c t i o n  o f  th e  o t h e r  two s i d e s  
cx + dy = + 1 . A t a b l e  o f  th e  s u b c a s e s  so o b ta in e d  
i s  g iv e n  b e lo w .
Case 1 
Case 1 .1 .1  
Case 1 . 1 . 2  
Case 1 .2
1 _< b < oo . 
1 j c b < o o J . b _ < | d |  , 
1 _< b < oo , b _< | d | ,
1 <. b < oo , b >  | d |  .
c = 0 .
0 < c < 1 .
Case 2 
Case 2 .1 .1  
Case 2 . 1 . 2  
Case 2 .2 .1  
Case 2 . 2 . 2
0 < b < 1 .
° < b < - J J | d |  > 1 , c = 0 .
1 < b < 1 , | d j _ > 1 ,  c = 0 .
0 < b _< i ( l + c )  , d < -1 , 0 < c _< 1 .
■gr (1 + c ) < b < 1 , d _< —1 } 0 < c _< 1 .
C a s e 3 o
' ii c
C a s e 3 .1
oIIp
C a s e 3 . 2 o' II o
| d |  > 1 , c = 0 . 
d  = 1 , 0 < c < 1
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Case 4 -1 < b < 0 .
Case 4•1 -1 < b < 0 , | d j >: 1 H- b , c = 0 .
Case 4 .2.1 -1 < b < 0 , d > 1 ,
d <: 1 + | b | <: c + d , 0 < c _< i(lb|+d)
Case 4 .2.2 -1 < b < 0 , d > 1 ,
d _< 1 + | b j _<: c + d } i(|b|+d) < c 5  1
Case 5 -oo < b < -1 .
Case 5 -1.1 -oo < b _< -1 , | d| > |b | , c = 0 .
Case 5 .1.2 -oo < b _< -1 , |d| > |t>| , 0 < c £  1 .
Case 5.2 -oo < b _< -1 , |d| < |-b| .
Case 1 . 1 <: b < oo . The conditions (1 ) applied
to the distance function (4) lead to the inequalities:
1 <_ max |b, | d | ^ < max | b - 1  j |-c+d|j _< max|*1+b, |c+d||
where 0 _< c _< 1 . There are now several subcases.
Case 1 .1.1 b  < | d | , C  := 0 .
Case 1 .1.2 b < |d| , O ' < c _< 1 .
Case 1.2 ^ > |d| .
Case 1 .1 .1 . b <_ j d | , c = 0 . The inequal-
ities (6) may he written
1 < | d '| < | d j _< max j[1+b> |d| }  .
16
The polar distance function (5) in this case is
G(x,y)
r
max <
V
(b-d)x - y
-
We have G(0,1) = 1 /jd| <_ 1 since |d| _> 1 , and 
G(l,b) = 1 . If h is an integer, we have two 
lattice points (0,1) and (l,b) for which 
G(x,y) < 3/2 . In fact in the case where b is an
integer, = 1 .
If b > 1 is not an integer, there exists some 
positive integer n for which n < b < n+1 and 
n > 1 .
G(l,n) = max b - d - n b + d - n
(d + b - n)y/d if d >
( | d | + b - n) /) d | if d < 0
since n < b . Thus
G(1, n) = (| d J + b + Ob - n)/|cL|
if and only if 2b - 2n < |dj . This will hold if 
and only if b + b - |d| < 2n . But as b < |d| , 
we have b + b -  |d| _< b < n + 1 jc 2n for n _> 1 . 
Hence G(1, [b]) < 3/2 . In case 1.1.1, we have 
m1m2 < ^/2 as tiie lat-tice points (0,1) and
17
(l,[t>]) have values of G(x, y) less than 2 .
For example let b = 4i , d = -5 , c = 0 .
F(x,y) = max ||x + 4iy|, |-5y| ^
G(x,y) = max /| (-19y/10)x + (l/5)y|, |(l/lO)x+ (l/5)y
F(1,0) = 1 = m1 . G(0,1) = 1/5 = .
G(1,4) = 1l/l0 = m^ . mim2 = 1l/l0 <3/2 .
'■ ( I% * <■ (
*! 
to>1
II
- z q - - - 1
1 y
1 •< 
<
/>
! * 
to
18
Case 1.1.2. b < |dj , 0 < c <_ 1 . In this
case the inequalities (6) may he written
1 <. | d | _< | -c + d | < max -^1 + b, | c + d| J .
From the inequality M < j-c + d l . we deduce that
d <_ 0 . Thus | c + a |  < | -c + d| as d £ -1 and
c > 0 , and the inequalities have the final form
1 < | d | <_ c + | d ! < *1 + b .
From (5) we get G(0 ,1 ) = (1 + c)/(1 d 1 + be) < 1
since ldl > 1 , b 1 , and 0(1,b) = 1 . Thus
if b is £in integer, we have two lattice points
(0,1) and (l,b) for which G(x,y) < 3 / 2  . In
fact = '1 in this case when b is an integer.
If b > 1 is not an integer, there exists a positive
integer n = [b] such that 1 <. n < b < n+1 .
G(1 ,n) n
/
max 1 b - d - n + nc ) b + d - n - nc ]
= (b + ]d| + nc - n) 
< 3/2
+ be) since b > n
if and only if 2(b + nc - n - be) < |d| + be . 
This will hold if b + 2c(n-b) < 2n + be as 
b < |d| . But
b + 2c(n - b) < b  < n + 1 _<2n < 2n + be
19
since n < h < n + 1 , n>_1 and c > 0 . Thus
G-(l,["b]) < 3/2 and < 3/2 in this case.
For example let c = ^ , b = Ui , d = -5 •
F(x,y) = max jjx + Ujy), |£x - 5y|  ^ .
G(x,y) = max jj (-38X + 2y)y^29|J | (2x + 6y
P(1,0) = m. = 1 . 0(0,1) = di  ^ = 6/29 .
GO,4 ) = = 3o/29 . m1 nig = 30/29 .
V
20
Case 1,2. b > |d| . The inequalities (5) 
may be written
since b > b -1 . But |d| < b <_ |-c + d| cannot 
hold if c = 0 . If 0 < c _< 1 , the inequality 
| d j < b _< |-c + d| implies that d < 0 . With 
d < 0 and 0 < c _< 1 , the inequalities (5) are
since |-c + d| > jc + d| .
G(l,b) = 1 and G(1,[b]) < 3/2 as in case 
1.1.2. We seek another lattice point (X,Y) 
independent of (1 [b ] ) for which G(X,Y) < 3/2 .
For a fixed value of b , the set of points (c,|d|) 
which satisfy the inequalities
1 <.b_<c + j d | _<1 + b , | d j < b , d < 0 , 0 < c _< 1
describe a triangle A  in the (c,|d|) plane, 
which is bounded by the lines j d j = b , c = 1 
and c + IdI = b .
1 < b <  j-c + d| < max <1 + b, c + d
1 ,< b < c + | d | <.1 + b
21
Ul A
'*4
We split A  into a triangle and a trapezium 
with the line c = J as common boundary, such that 
for all points (c,|d|) in the triangle, the lattice 
point (0,1) gives G(0,1) < 3/2 , and such that 
for all points (c,|d|) in the trapezium the lattice 
point (1,0) gives G(1,0) < 3^2 .
22
The triangle is described by the inequalities
1 d j < b , 0 < c £ ■§• and c + j d | >_ b . Iiere
G(0,1) = (1 + c)/( jd] +bc) < 3^ /2 if and only if
2 + 2c < 3|b| + 3bc , i.e. if and only if
0 < c(3b - 2) + 3|d| - 2 . This will hold if
0 < c (3b - 3) + 3"b ~ 2 , since b - c <: j d j . For
a fixed b , c(3b - 5) + 3b - 2  is a linear
expression in c , v/hich has its largest and smallest 
values at the end points of the range of c . At
c = 0 , c(3b - 5) + 3b - 2 = 3b - 2 > 1 as b > 1 .
At c = i , c(3b - 5) + 3b - 2 = |(b - 1) > 0
as b > 1 . Thus G(0,1) < 3/2 except possibly y/hen
J\ , c = i , b - c = | d| = ■§■ . This case has
G(x,y) max (3/2)x - ix - (3/2)y
G(1,1) = 1 , G(0,1) = G(1,0) = 3^2 . All other
lattice points give G(x, y) a larger value than 
3/2 . Thus in the triangle, <. 3/2 with
equality v/hen b - 1 , c = i , d = -i .
The trapezium is defined by |dj < b ,
< c < 1 c + ,| > b . G(1,0) = b + ldi < 3/2
be + j dj
if and only if 2b - 3bc <_ jdj . hoy/ b - c < |d| , 
so it will suffice to prove that 2b - 3bc < b - c , 
i.e. that b <. c(3b -1) . But c(3b - 1) >_ i(3b - 1) >, b
23
as b _> 1 . Thus _< 3/2 for points (c, |d|)
in this trapezium.
The values h 3/2, c = 2 ) - 5/4
determine a parallelogram which belongs to this case. 
For these valuee, the distance functions are
F (x,y) = max <, jx + (3/2)y|, |ix -
Gr(x,y) = max 8)x - (l/4)y|, | (l/ß)x -
 ^ = F(1,Q) = 1 . m^  = G(0,1 ) = 3/4 ,
2 = G-(1,1) = 9y/ö . Thus m^m^ = 9/8 for this example.
24
Case 2. 0 < b < 1 . The conditions (1 )
applied to the distance function (4) lead to the 
following inequalities.
1 < max ^b
If oiio
1 <
<_ max j1-b, |-c+dj> < max-s 1+b, I c+d
|d||
since b < 1 , where d may he positive or negative. 
If 0 < c < 1 , the inequalities may he written
1 ^ |dj < |-c + d| < 1 + b
because |d| <_ |-c + d| implies that d is negative 
and therefore |-c + d| > ]c + d| . We have the 
following subcases:
Case 2 . 1 c =  0  , 0 < h < 1 , m 1 .
Case 2 . 1 . 1 c =  0  , 0 < h <_ i > m 1 .
Case 2. 1  .2 o ii o V« 12 < h < 1 , M 1 .
Case 2.2 0 < c _< 1 , 0 < h < 1 , d < -1 .
Case 2.2.1 0 < c <: 1 , 0 < b _< i(l+c) , d £ -1
Case 2.2.2 0 < c < 1 , J(1+c) < h < 1 } d < -1
G(x,y) = max f (h-d)x - (l-c)y (b+d)x - (l+c)y
d - he } d - he
25
Case 2.1 . c = 0 , | d |  £  1 , 0 < " b < 1  .
G (0 ,1 )  = 1 y |^ <3.J £  1 s i n c e  | d |  £  1 . We s e e k
a n o t h e r  l a t t i c e  p o i n t  (X, Y) f o r  which G(X, Y) £  3 /2  .
0 ( 1 , 0 ) = (*> + | a | ) / | a |  , G ( 1 , 1 )  = ( | a |  + 1 -  b ) / | d |  
s i n c e  h < 1 . G ( 1 , 0 )  £  G ( 1 , 1 )  when 0 < h £  ^ 
and G ( 1 , 0 )  £  G ( 1 , 1 ) when i  £  "b < 1 .
Case 2.1 . 1 . 0 < b £  |  , c = 0 , | d |  £  1 .
G (1 ,0 )  = 1  + b / | d |  £  3 /2  w i t h  e q u a l i t y  a t  b = i  ,
| d J = 1 . A lso  G (0 ,1 )  < 3j 2 and  so £  3 /2
w i t h  e q u a l i t y  a t  h = £ , | d |  = 1 i f  t h e r e  a r e  no
o t h e r  l a t t i c e  p o i n t s  f o r  which G(X,Y) < 3 /2  f o r  
b = i  , | d |  = 1 . I n  t h i s  s p e c i a l  c a s e
G (x ,y )  = max ( 3 / 2 ) x  -  y | , | - i x - y | ^
and o n ly  t h e  p o i n t s  ( 0 , 1 )  and ( 1 ,0 )  have  
G (x ,y )  £  3 /2  . Thus b = -g- , c = 0 ,  d = + 1 
h a s  m-)m2 = 3 /2  .
Take a s  an example  b = 1 j h  } d = 3 /2  . F o r  
t h e s e  v a l u e s  we h a v e ,
F ( x , y )  = m a x | | x +  ( l / 4 ) y | ,  | ( 3 / 2 ) y |  j  ,
G (x ,y )  = max ( 5 / 6 ) x  + ( 2 / 3 ) y | ,  | ( t/ 6 ) x -  ( 2 / 3 ) y | j .  
m1 = F ( 1 , 0) = 1 . m’ = G ( 0 , 1 ) = 2 /3  ,
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m,!, = G-(1 } 0) = 7/6 .
ml m2 7/6  .
Case 2 . 1 . 2 . < b < 1 , c ~ 0 } | & j _> 1
1 + (1 -"b) / 1 d I < 1  + i < 3 /2
as j d ] _> 1 .
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For example, suppose h = 3y4 , c = 0 ,
IdI = 2 . Then
F(x,y) = max £|x + (3/4)y|, |2y| j
G(x,y) = max [|(5/ö)x + *y|, | (1 l/ö)x - Jy| .
F(1,0) = m1 = 1 . G(0,1) = mj = i . G(1,1 ) = = 9/0 .
m 1m2 =  9/ 0 ’
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Case 2 , 2 , 0 < c < 1 , d <: -1 and i n e q u a l i t i e s
1 £  | d |  <, | - c  + d|  £  1 + b where  0 < b < 1 .
G(0 ,1 )  = (1+c)y/( | d | + h c )  < (1 +c)^/(1 +bc) < 2 i f
2 c ( l - b )  < 1 + be  . The i n e q u a l i t i e s
c + 1 1  <; 1 + b , I d I >. i imply  c h .
T h e r e f o r e  2 c (1 -  b )  _< 2b( l  -  h )  < 1  < 1  + be
s i n c e  0 < 2b^ -  2b + 1 f o r  0 < b < 1 . [The
2q u a d r a t i c  f u n c t i o n  2b -  2b + 1 h a s  no r e a l  z e r o s  
and i s  p o s i t i v e  f o r  l a r g e  | b |  . ]  Thus G(0 ,1 )  < 3 /2  .
We have  G-(1,0) = (b + | d | ) / ( | d |  + b e )  , and 
G(1,1 ) = ( | dJ + 1 + c -  b ) y^ ( | d|  + b e )  s i n c e  
b < 1 . When b_<-g-( l+c)  , 0 ( 1 , 0 )  _<G(1 ,1 )  .
When b > _ ^ ( l + c )  , G - ( 1 , 0 ) _ > G ( 1 ,1 )  .
Case 2 .2 .1  . 0 < b < i ( l + c )  where  0 < c _< 1 ,
d < -1 . I f  0 < b < 5 /1 2  , 0 ( 1 , 0 ) < ( 5 /1 2  + | d | ) /  | d |
< 3 /2  a s  | d |  > 1 . I f  5 /1 2  < b < i ( l  + c)  ,
0 ( 1 , 0 )  < ( M 1+0 ] + | d j ) / ( | d |  + ( 5 / l 2 ) c )  < 3 /2  
i f  1 < j d|  + c^4 , which i s  t r u e  s i n c e  d .> 1 ,
c > 0 . Thus G (1 ,0 )  < 3 /2  and  G(0 ,1 )  < 3^2 so
< 3 j 2 f o r  t h i s  c a s e .
Suppose f o r  example t h a t  c = |  , b = J  , 
d = -2  . Then
F ( x , y )  = max |  | x  + i y | ,  | i x  -  2y|  ,
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G(x,y) = max jj (1o/9)x - (2/9)y|, |(6/9)x+ (6/9 )y| } •
F(1,0) = 1 . G(0,1) = 2/3 = . G(1 ;0) = 10/9 = .
= 10/9 .
1
Case 2,2.2. + c) < b < 1 where 0 < c < 1 ,
d < -1 .
G(1,1) < (| d | + i[l+c])^(|d| + ic[l+c]) < 3/2 
if
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1 -  i c  -  ( 3 / 2 ) c 2 < ]cL| .
T h e r e f o r e  G (1 ,1 )  < 3 /2  a s  0 < c and | d |  j> 1 .
S in c e  G-(1,1) < 3 /2  and G-(0,1) < 3/ 2  we have  
< 3 /2  f o r  c a s e  2 . 2 . 2 .
The v a l u e s  c = -g- , h = 7/ ö  , d = -2  
d e t e r m i n e  a p a r a l l e l o g r a m  "belonging to  t h i s  c a s e .
F ( x , y )  = max | | x  + ( 7 / ö ) y | ,  | i x  -  2y |  j  ,
G (x ,y )  = max j j  ( 4 6 / 3 9 ) x  -  ( 8 / 3 9 ) y | ,  | ( 6 / 1 3 ) x + ( 8 / l 3 ) y Q .
F ( 1 , 0 )  = = 1  . G ( 0 , 1 ) = 8 / 13 =
G(1 , 1 ) = m^ = 1 4 /1 3  • = 1 4 /1 3  .
1
' ' ' 4 .
s/ »
S
<V#
1 '  \
- v »’
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Case 5 . b = 0 .
The p a r a l l e l o g r a m  h a s  d i s t a n c e  f u n c t i o n
F ( x , y ) max cx + ay
w i t h  0 £  c _< 1 . The i n e q u a l i t i e s
1 = F ( 1 , 0 )  _< F ( 0 , 1 )  < F ( - 1 , 1 )  < F ( 1 , 1 )  may he  
w r i t t e n
1
I f  c = 0 , t h e n  | d |  > 1 w i t h  d p o s i t i v e  o r  
n e g a t i v e .  I f  c > 0 , 1 _< | d |  _< max ^ 1 ,  | - c  + d |   ^
i m p l i e s  t h a t  d i s  n e g a t i v e  o r  d = 1 ; i f  d i s  
n e g a t i v e ,  | - c  + d |  _< |c  + dj i s  i m p o s s i b l e  a s  
j d | >_ 1 , c > 0 . Thus f o r  c > 0 , d = 1 i s  t h e  
o n ly  p o s s i b l e  v a l u e  o f  d . A c c o r d i n g l y ,  we have  
th e  f o l l o w i n g  s u b c a s e s :
< max ^1,  j - c  + d | j  < max | l ,  jc  + d |  j
Case 3*1 c = 0 , | d |  >. 1 .
Case 3*2 0 < c _ < 1 ,  d = 1
r
G (x ,y )  = max - dx + ( 1 - c ) y
dx -  ( l + c ) y
G (1 ,0 )  = 1 f o r  a l l  v a l u e s  o f  c and d i n  Case 3
Case 3 . 1 . c = 0 , | d |  > 1 .
G r ( 0 ,1 ) = 1 / | d |  < 1 ; G-(1, 0 )  = 1 . Thus m^m^
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F o r  example  d = 2 .
i ’( x , y )
G (x ,y )  = max x iy
m^  = F^I j O)  = 1  . m^  = G ( 0 , 1) = , m^
m1m2 = 1 '
T
\  *
Jlx/
V
V.
Vv '
l i .  \
*  \
'  \ A?
/ f
/
= G(1 j o ) = 1
33
Case 3 . 2 . 0 < c _ < 1 ,  d = 1 .
G (0 ,1 )  = 1 + c ; G (1 ,1 )  = 2 -  c . mien
0 < c <, i i G (0 ,1 )  < 3/2  w i t h  e q u a l i t y  a t  c = ^ .
mien ^  < c < 1 , G - ( l j O < . 3 y / 2  w i t h  e q u a l i t y  a t
c = i . So f o r  e ac h  c i n  t h e  r a n g e  0 < c _< 1 ,
we have  two l a t t i c e  p o i n t s  -  ( 1 , 0 )  , and e i t h e r
( 0 , 1 )  o r  ( 1 , 1 )  -  f o r  which G(x, y) < ~bj2 . Hence
1  3/2  .
When c = i j d = 1 , h = 0 ,
G (x ,y )  = max |x  + i y | ,  | x  -  ( 3 / 2 ) y |
and G (1 ,0 )  = 1 , G (0 ,1 )  = G (1 ,1 )  = 3/2  , w h i l s t
a l l  o t h e r  i n d e p e n d e n t  l a t t i c e  p o i n t s  have  l a r g e r  
v a l u e s  o f  G (x ,y )  ; t h u s  m^m^ = 3 /2  .
We have  s t r i c t  i n e q u a l i t y  f o r  example  when 
b = 0 , d = 1 , c = 1 / u  .
F ( x , y )  = max | | x | ,  | ( l / 4 ) x  + y |  ^ ,
G (x ,y )  = max |* | x + (3/ 4 ) y | ,  | x  -  ( 3 / 4 ) y |  J .
m1 = F ( 1 , 0 )  = 1 . G (1 ,0 )  = m^  = 1 . G (0 ,1 )  = 3 /4  .
m1m2 = 5/4- •
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Case 4 . -1 < b < 0 . The conditions (1 )
applied to the distance function (4) lead to the 
inequalities
1 jc max ■
i.e.
[ > l > M ; . _< max
1 <_ l d l i max { 1 + M
since j"b j < 1 • If c
1 < l d l <. max
max {1-M< lc+dl)
j j + M *  l d l } i  l d l
35
which imply 1 + |b| < jd| .
If 0 < c <. 1 , |d| |c+d| implies
d > 0 , in fact d >_ 1 since jd| > 1 . The 
inequalities for 0 < c are
1 < d < 1 + jh | <: c + d
since d > j-c+dj for c > Ü , d _> 1 . We have 
the following subcases:
Case 4.1 
Case 4.2 
with subcases
Case 4.2.1 
Case 4.2.2
c = 0 , 1 + | b | _< | d | .
Ü < c < 1 , d >_ 1 , d jc
0 < c < i(|b|+d) .
|b|+d) <. c < 1 .
+ | b | <_ c + d
Case 4.1 . 
G(x,y) =
c = 0 , 1 + |b j _<
/
max * (b-d)x - y
\ d
|d| . Here 
(b+d)x - y
and G(0,1) = 1^ /|dj <1 since |d| >_ 1 + b > 1 .
If 0 < [To| < i ,G(1,0) = 1 + |b|/|d| < 3/2 as
|d| > 1 . If i < |b| < 1 , G( -1,1 ) = 1 + (l-|b|)/|d|
< 3/2 as |t>| > i ,|d| > 1 . For each value of 
|b j , we have two lattice points (0,1) and either 
(1,0) or (-1,1) for which G(x,y) < 3/2 .
Hence m^rn,*, < 3/2 .
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A parallelogram in this subcase is determined, 
for example, by c = 0 , h = —\ , d = -2 .
Then
F(x,y) = max |jx - iy|, |-2y| j ,
G(x,y) = max jj(-3/4)x + £y|, |(5/4)x + £y| j .
m^  =P(1,0)=1 . G-(0,1 ) = ^ = m^J
G(1,0) = 3/4 = = mg . m^mg = 3/4.
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Case 4.2. 0 <c<_1 , d _> 'i , |d| £ 1+|b| £ c+d ,
-1 < b < 0 .
6(1,0) = (| b | + d)/(d + |b | c) < 3/2 if and 
only if 2|bj + 2d < 3<ä + 3|b j c . This holds if
0 < |b| + 3|b|2 + d(l - 3|b|) (*)
since 1 + jh| £ c + d . If |h| <.1^3 , (*) 
holds if 0 < 3 j b | ^ - 2|b| + 1  since d £ 1 .
The quadratic function 3|b|^ - 2|b| + 1 has no 
real roots and is positive for large |b| . Thus
0(1,0) < 3/2 if |b| £ 1/3 .
If 1/3 £ |"b| < 1 j the condition (*) will 
hold if
0 < |b| + 3|t>|2 + (l + |b|)(l-3|t|) ,
that is if
0 < 1 - |b|
which is trivially true. Thus for all |b| in
0 < |b| < 1 , 6(1,0) < 3/2 .
We next find another lattice point (X,Y) 
independent of (1,0) for which G(X,Y) < 3/2 .
We have 0(0,1) = (1 +c)/(d+ |b |c) , and
0(1,1) = (|h|+d+1-c) /(d+|h|c) since d > c . When
c 1 i(|t>|+d) , 0(0,1) £ 0(1,1) . When c > £(|b|+d)
0(0,1 ) >0(1,1) .
Case k . 2.1 , 0 < c _< i(|h|+d) .
0(0,1) = (1 + c)/(d + |h | c) . If 0 < |b| < 2/3 
0(0,1) < 3/2 if and only if c(2 - 3jbj) < 3d - 2 . 
But as (2 - 3jh|) is positive, we have
c(2-3|t>|) < i(|b|+a)(2-3|b|) = M  - (3/2) |b|2 + a - 
< 3a - 2
if and only if
|fc|(l- ||b| - |d) < 2(d - 1) .
Since d _> 1 , the left side of the inequality is 
strictly negative and the right side is positive; 
so 0(0,1) < 3/2 .
If 2/3 < |b| < 1 ,
0(0,1 ) = (1+c)/(d+ |b j c)
< (l+c)/(d + |c) < I
if and only if d > 2 , which is true since 
d _> 1 . Thus 0(0,1) and 0(1,0) are both less 
than 3/2 , so < 3/2 .
For example let d = 5/4 , |b| = ■§■ , c = £ .
(3/2)a|b|
Then
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F ( x , y )
0 ( x , y )  =
F ( 1 , 0 )  = m1 
0 (0 , 1 ) = 1
Case i 
0 ( 1 , 1 )  <
= max j j x  -  J y | , | i x  + (5/U)y j ^ ,
,ax • | ( 7/ 6 ) x  + ( i / 3 ) y | ,  | i x  -  y | j  .
= 1 . 0 ( 1 , 0 )  = 7 / 6  = .
: = 7 ^ 6  .
, 2 . 2 . i(|t>| + d) < c < 1 .
(1 + £ ( | b | + a ) ) / ( a  + 4 M  ( l b^| +cl) ) < 3 /
i f  and o n ly  i f
M ( 1  -  | d  -  I M )  < 2 ( d  -  1) ,
which  i s  t r u e  s i n c e  d .> 1 . So G-(1 , 1 ) < 3 / 2  
and Gt( 1 , 0 ) < 3/  2 and  < 3^2  .
Fo r  example ,  l e t  h = - 1^4  , d = , c = 7 jö .
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Then
F ( x ,  y )  = max | | x  -  ( i / 4 ) y | , | ( 7 / 8 )x  + (5 /4 )y  | j  ,
G-(x,y) = max ji | (48x  + 4 y ) / 4 7 | ,  I (32x -  60y) /47 |  j  .
F ( 1 ,0 )  = m1 = 1 . G (1 ,0 )  = 4 8 / 4 7  • 0 ( 1 , 1 )  = 52/47 .
T h e r e f o r e  m^m^ = 52/47 .
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Case 5 . - oo < b _< -1 .
As usual we consider the parallelogram with 
distance function
F(x,y) = max jj x + by|, | cx + dy|^j 
where 0 <_ c _< 1 . The inequalities
F(1,0) < F(0,1) £ F(-1,1) < F(1,1)
may he written
1 <_ max p  , d > _< max , |-c+d|j < max ||b|-1, |c+d|j.(?)
There are several subcases.
and
Case 5.1 | cL j > |h | , which has two subcases, viz
Case 5.1 .1 j d  | > | h | , c = 0  .
Case 5.1.2 j d | > j h ! , 0 < c <_ 1 .
Case 5.2 M  i  M  •
Case 5.1 .1 . | cL | > |b| > 1 , c = 0 .
The inequalities (7) may he written
1 < | d
since |b| - 1 < |b| < |d| , which implies 
1 + |b | < |cL| • Ct(0,1) = l/|d| < 1 since |d| > 1  .
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G(1 ,b) = max h-d-b b+d-b
d
)
d
1 = 1 .
= 1 . If b is not an integer,, then there 
exists some positive integer n such that
n < |h | < n+1 where n >_ 1 .
r
G(1 , -n) = max - | h j + d - n d + n M
(|hj + j d| - n)/|d| (since |h| > n)
3 /2
if and only if
| h | + | b | - | d | < 2n .
We have |b| + |b| - |d| < |b| < n + 1 < 2n for 
n  >_ 1 . Thus G(l,-n) < 3 /2 . Thus (0; 1 ) and 
(l,[|b|]) are the two required lattice points for 
which G(x,y) < 3 ^ 2  . Hence m^m^ < 3/2 for this 
case.
For example, let |b| = 3^2 , J d| =3 Then 
F(x,y) = max ^ |x - (3/2)y|, |3y|j ,
0(x,y) = max jj(3^2)x + (l/3)y|, - (l/3)y|J ■
P(1,0 ) = m1 = 1 . 0 (1,-1 ) = 7/6 . 0(0,1) = 1/3 •
m^j m^ = //6 •
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Case 5.1 .2. | d | > | b | >. 1 , 0 < c < 1 .
The inequalities (7) may be written
1 < |d| < max 1 + |b|, |-c+d| _< |c+d|
The inequality |d| < |c + d| and the assumption
kb
c > 0 imply  t h a t  d > 0 . Thus ( 7 ) h a s  h e r e  th e  
f i n a l  form
1 < d < 1 + | h | < c  + d
s i n c e  | - c  + d |  < d f o r  d > 0 .
0 ( 0 , 1 )  = (1 + c ) / ( d  + | b | c )  < 1 s i n c e  d > 1
and  jh |  _> 1 . G (1 ,  -  | b | ) = 1  . Thus when h i s
an i n t e g e r ,  t h e  l a t t i c e  p o i n t  ( l , b )  h a s  G-(l,h)  = 1 ,
and  m.m* = 1 .1 2
I f  b i s  n o t  an i n t e g e r ,  t h e r e  e x i s t s  a 
p o s i t i v e  i n t e g e r  n  >. 1 such  t h a t  n < | b |  < n+1 .
= max 4
r
| b |+ d - n + n c d — | h>! +n+nc 1
d + |b  | c d + |b  | c J
( | b |+ d - n + n c ) ^ / ( d + |b | c )  ( s i n c e  n < | b |  )
< 3 / 2
i f  and o n ly  i f
|b j  + ( | b [ - d )  + 2 c ( n - | b | )  < 2n + | b | c
We have
| b |  + ( | b | - d )  + 2 c ( n - | b . | )  < | b |  < n  + 1 < 2 n +  | b | c
s i n c e  n < jb |  < n  + 1 and c > 0 ,  d > | b |  _> 1 . 
So G -( l , -n )  < 3 /2  f o r  n < |h j  < n+1 . Thus 
( 0 , 1 )  and ( l , - [ | b | ] )  a r e  t h e  two r e q u i r e d  l a t t i c e
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points for which G(x,y) < 3/2 , and it follows 
that < 3/2 .
For example, take d = 2± , h = -2 , c = 3^4 .
Then
F(x,y) = max ^|x - 2y|, |(3/4)x +
Q(x,y) = max -1 ] (9/o)x + (l/l6)y|, | (1 /ö)x -
'w
P(1,0) = m1 = 1 , 0(1,-2) = 1 =
G(0,1) = 7/16 = . Therefore m^m^
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Case 5.2. j d| <_ |Id  | .
The inequalities (7) may then he v/ritten
1 £ | h | <_ 1 + | h j <_ | c + d |
since J-c + d| _< c + |d| <_ 1 + |h| . Since 
c > 0 ; the inequality 1 + )h| <_ jc + d| implies 
d > 0 j and 1 + |h| <; c + d then implies c = 1 
and |h| = d since c _< 1 and d < |h| . Case 5*2 
is possible only when c = 1 and |b| = d . Then
G-(0,1) = Y  |h | <: 1 since |b| >_ J\ and G-(1,0) =1 .
Thus m.ml = 1 in Case 5.2.1 2
As an example of Case 5*2, let d = 2 , |hj = 2
r
F(x,y) = max . jx - 2y|, |x + 2y|
G(x,y) =
P(1J0) = 1 . G-(0,1) = i . G(1,0) = 1 . m^m^ = 1 .
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r -----
The proof of our theorem is now complete.
CHAPTER 2
THE SECOND COMPOUND
OP THE UNIT SPHERE IN R.------------------------- 5
1 . Introduction: the work of Mahler
The problem unsuccessfully investigated here 
arises from three papers [5 ], [6], [7 ] "by Kurt Mahler 
on compound convex bodies. In [7] Mahler discussed 
the p-th compound of the unit sphere in R^ , and 
described this compound body explicitly in the part­
icular case p = 2 , n = 4 . We are concerned with 
characterising this compound body for the case 
p = 2 , n = 5 .
Basic in this study is:
DEFINITION 1. A convex body is a subset of 
R which is closed, bounded, convex, symmetric in 
the coordinate origin, with the origin as an 
interior point.
Let X ^  = (xi1 ’ x i 2 } ---- , x.n ) ,
IL — 2 y •••• y p be p points in n-dimensional
Euclidean space R .n Let 2  = , K 2 > • • • • > 5N )
= [x(i \ yS2\ .. . . , X ^ ]  where N = (p) >
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a point in R,. whose coordinates £  ^ in some fixed 
order, are the values of the N possible p x p 
minors
X1 v9 ---x1v2 P
X2v --- x2v2 P
X . .. . Xpv2 pvp
< .... < v < nP ~
formed from M , the p x n matrix of the coordinates 
of the p points X ^  \
X11 x12 ---x1n
X21 x2 2 ---x2n
Xp1 Xp 2 ---xpn
The point ^  is the compound point derived from 
the points .... , . The determinants
^  are usually labelled in lexicographic order. In 
the case p = 2 , n = 5 , N = 10 , we have:
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H  = x11x 22 X21X12 = ^12 '
C2 = x >m x 23 X2 1 X13 = ^ 1 3  J
c,3 = X1 1 X24 ”  X2 1 X14 = ^ 1 4  '
^ 4  = x 11x 25 X2 1 X1 5 = ^ 1 5  '
^5  = X12X23 ” X2 2 X13 = ^ 2 3  '
s 6 -  x 12x 2i  ^ -  x 22x 14 -  K2k
^7 = Xi 2X25 ” X22X15 = ^25
58 = X13X24 ~ x23x 14 = S 4 (1)
^9 X13X25 ” x 23x 1 5 = ^35
^ 10= X14X25 " X24X15 = ^45
I f  2 < p < n -2  , t h e s e  d e te r m in a n t s  ^  a r e  r e l a t e d  
to  one a n o th e r  by  a s e t  o f  homogeneous q u a d r a t i c  
e q u a t io n s .  In  th e  above c a s e  p = 2 , n = 5 , th e  
e q u a t io n s  a r e
= W a  - We + Ws = 0
^ 2 = W 9 - W 7 + W5 = 0
* 3 = ^ 1 ^ 1 0 " W l
+ We = 0
$ 4
zz
^ 2 ^ 1 0 “ W s
+ W& = 0
$ 5 = ^ 5 ^ 1 0 " W g + We zz 0
These  e q u a t io n s  (2 ) a r e  n o t  in d e p e n d e n t ,  b u t  a r e
r e l a t e d  f o r  exam ple  by  th e  e q u a t io n s
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“ ^2^8 + <^li>5 ” ^5^2 = 0
+ ® 253 " ® 352 + ^ 451 = 0 (3)
“ ^V’7 +  ^ 2^6 ” ^ 3^5 + ^ 3C>1 =  0
The equations (2) define a certain algebraic 
manifold - the Grassman manifold ^ -(5,2) in R^Q .
For all pairs of points X(1 } and X(2} in R5 , 
the derived point [EH will lie in.Cl-(5,2) , a 
suhspace of q . This manifold is in the form of 
a cone of centre 0 . Quite generally, the derived 
points EEE lie on the manifold -Th(n,p) in .
Let G^ : |X| <; 1 he the unit sphere in R^ ,
and let 2^ he the set of compound points S  
formed from all possible combinations of p points 
X^^ in G . One can easily prove that 2^°
(p)is a closed and bounded set in ; that is, 2^
is a compact set .
However, 2^° is not in general a convex set.
We define H j Y  P“^  compound of the n-dimensional
(.f°^unit sphere, as the convex hull of 2^ . This
/p\convex hull of 2^ is the smallest closed convex
( P)set which contains 2^
As Gn contains the origin and is symmetrical 
in the origin, the same property applies to its p-th
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compound ] and one can  a l s o  e a s i l y  p ro v e  t h a t  th e  
o r i g i n  i s  an  i n t e r i o r  p o i n t  o f  H* .
M ahler [ 7] p ro v e d  th e  f o l lo w in g  th eo rem s a b o u t
THEOREM . ^_^ w)i s  th e  i n t e r s e c t i o n  o f  th e
N -d im e n s io n a l  u n i t  s p h e re  G^ : | 2 |  1  1 j w i th
th e  Grassman m a n i f o ld  _ Q (n ,p )  .
THEOREM 2. P ^ i s  th e  convex  h u l l  o f  th e  
i n t e r s e c t i o n  o f  th e  Grassman m a n i f o ld  X l ( n ,p )  w i th  
th e  s p h e r i c a l  s u r f a c e  : | S |  = 1 .
In [7 ] , 
c o o r d i n a t e s
M ahler i n v e s t i g a t e d
1— \
o f  .jm, to  have  v a lu e s
He to o k  th e
X1 x 2 
y-i y 2
*3 x4 
y3 yU
x4 x 2
y4 y 2
^6
x 2 x
y 2 y
w here X = (x 1 , x 2 , X y  x^) and Y = (y^ , y 2 , y yl )
a r e  p o i n t s  i n  G^ . Here th e  s ig n  o f  and th e
o r d e r  o f  and  do n o t  a g r e e  w i th  o u r
d e f i n i t i o n .  T h is  change  was made to  g a in  some symmetry
i n  th e  w o rk in g .
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The Grassman manifold .£1(4, 2) is now the cone
^ 4  + ^ 2^5 +  ^ 3^6 =  0 or 2h =1 ^H^ H+3 =  u ^
and the unit sphere in has the surface defined
toy 2<?=1 4  =  1 •
Mahler found that P f  , the convex hull of 
C j <Tl (4,2) (see Theorem 2, loc. cit.), consists
f —»of all points hi = £g) satisfying the
inequalities
ZH=1 + e,H+3^ - 1 ' ZH=1 “ ^H+3^ - 1 (5 )
The proof used Lagrange parameters.
I— i (z)Our problem is to describe I s , and it seems 
natural to attempt this problem by using a method 
of proof which is similar to, or perhaps a modified 
version of, that used in [?].
2. First method using Lagrange parameters
For the case n = 5, p = 2, N = 10 , 
jT1(5,2) is described by equations (2). The unit 
sphere G^Q has a surface Q defined by
43 4 = 1 (6 )
I i Ca)Applying Theorem 2, we aim to find • s , the convex
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h u l l  o f  q pt £1(5;  2) o r  s im p ly  C p \ . T h i s  i s  
a t t e m p t e d  hy  e v a l u a t i n g  t h e  t a c  f u n c t i o n  and th en  
t h e  d i s t a n c e  f u n c t i o n  o f  t h e  convex h u l l  P .
L e t  H = (rl^) ..........= 0  h e  an a r b i t r a r y
p o i n t  i n  . The t a c  f u n c t i o n  0 (II) o f  P i s
0(H) = max (7)
f— —•%
where Ll = } .......... , r u n s  o v e r  a l l  p o i n t s  o f
C n . The maximum i s  a t t a i n e d  a t  a s t a t i o n a r y  
p o i n t  o f  t h e  f u n c t i o n
$ =  ^  q>Zi -  4 ^ 4 = 1  ^  -  1) -  / V ^ V ^ 6 +S V
^ 2 ^ 1  ^ 9_ ^ 2^ 7+ ^ 4 ^ 5 yi ”  ^ 3 ^ 1^1 o ” ^ 3^ 7+,:*4 ^ 6  ^ ^
/i 4 ^ 2 i^ 10” ^ 3^ 9+ ^ 4 ^ 0  ^ ”  ^ 5 ^ 5eM O " i>6^ 9+ ct>7^ 6 'i
where A , ^  , ........ ,ß^ a r e  L ag ran g e  p a r a m e t e r s .
We d i f f e r e n t i a t e  w i t h  r e s p e c t  to  th e  v a r i a b l e s  ^  
and o b t a i n  th e  f o l l o w i n g  e q u a t i o n s
" "  ~  ^ 1^8  ”  ^ 2  59 ”  *a 3 s l  0  =  ^  ^
^2  ”  ^^2  +  /i j l f,6 +  ^ 2^7 “  ^ 4^10  =  0 2,2
^ 3  _  “  /;ii r>5 +  ß  3 ^ 7  +  ^ [ j . ^ 9
•
CT\
OII
^ 4  ■ ^ 2 ^ 5  "  ^ 3 ^ 6  ~  ^ 4 ^ 8 =  0  9 . 4
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^ 5  A 3 "* C:> 3 ^
\  " + ^1^2
2^4 -  ß 5^10 0 9.5
“ ^3^4 +  ß^Zy =  0 9.6
^7 A^y + ß r £ > 2  + ^3^3  “ ^ 3 ^ 8 = 0 9 . 7
^ 8  ” A^ 8  ” “ ^ 4 ^ 4  “ ^ 3 ^ 7 = 0 9 . 6
^ 9  '  A^9 " ^ 2 5 1 + ^ 3  + ^ > 6 = 0 9 . 9
^ 1 0 " AH o ~ ^ 3^1  “ ^ 4 ^ 2  ~ ^ 3 ^ 3 = 0 9 . 1 0
By m u l t i p l y i n g  9.1 hy  C1 ; 9 . 2  t y  K 2  > 
and 9 .1 0  hy q and a d d in g ,  we have
j
4 4  -  a £ 4  -  -  2^ 3 $ 3
2/U4^4 ~ 2/U5^5 = 0
where from (2)  = ^ 2  =<^3 = <^ h  = ^  r = 0 > t h e n
2i=1 = A ( . )
( 9 )
io 2
s i n c e  2 K • = 1 . We a l s o  h ave
i * i  l
4 = 5 A 4=5 4
and
:1 A 2 i =i  4
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and
^8^8 + V. 9^9 +  ^ 1 0 ^ 1 0  “ ^ 1^1 =  ^ ^ 8  + ^9  *  ^ 1 0  ~  ^1 ^ *
Solving equations (9) for the values of
is not as simple. The only attempt which has yielded
any likely answer is as follows.
Suppose we take ^   ^0 , hut = . . . =
Equations (9) then become
(i) ~ = 0
0
( 1 0 )
(iii) y[y - = 0
( l v ) *Z1 0 _ ^ 1  = 0
In this case A = £.1£, and 2^_, = £? = 1 .
Equations (ii), (iii) and (iv) may he rewritten
(Ü) n 8 -
^1^8 “ ^1^1 - 0 or
~  ^ 2^1 ~ ^ ^ 2 = ^1^9 
0“ ^3^1 = 0 or ^3 = V?io
M-j = + ^ 2 *  ^ 3 J * * * *3 (P
ß 2 = ^1^9 + ^2
M3 = 0+ ^3^2' ^ 3‘> * ' ’ * * 0^
Thus
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where  f ± ( Z 2 ’ ^ y ------^ 1 0 ) ( i= 1 ,  2, 3) i s  some
f u n c t i o n  o f  t h e  v a r i a b l e s  > .......... > >^| q •
R e p e a t i n g  t h i s  p r o c e s s  w i t h  ^  f  0 and  
^  q = 0 , e q u a t i o n s  ( 9 )  become
(a)
\  ~
a^ 2 = 0
0>) * 6  + ^1^2 = 0
(c) * 7  + ^2^2  = 0
(d) * 1 0 - **4 e 2 = 0
A lso  A  = and £ 2 = 1 . E q u a t io n s  ( b ) ,
and (d) can  tDe w r i t t e n
^2?6 + ^1^2 = 0 i . e . **1 I
! 1 /M
*>2 * 7 + ß 2^2 = 0 i . e . m2
1! 1 ro ~v!
^2*10- ß b ^2 = 0 i . e . ^4 -  ^2^10 *
Combining t h e s e  r e s u l t s  w i t h  t h e  r e s u l t s  f rom t h e  
f i r s t  s t e p ,  we have
= £ ^ 8  -  ^ 2 ^ 6  + g 1 ^ 3 '  * * * *9
ß2 = “ ^2^7 + g 2 ^ 3 '^ U ' ------
^ 3  = ^ 1 ^ 1 0  + g 3 ^ 3 ’ ^4 * * * * * ' ^ 1 0 ^
^ 4  = ^2^1 0  + g4 ^ 3 , ^ l , ------
R e p e a t i n g  t h i s  p r o c e s s  f o r  e ach  ^  i n  t u r n ,  ve 
have  f i n a l l y  and  h o p e f u l l y
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” S ^8 ^2^6 + + ^ 1^8 ” ^2^6 + ^3^5
^2 = ^1^9 ^2^7 + ^4^5 + ?1^9 “ ?2^7 + ^ 4^5
^3 = 51*1<T S * 7  + fy?6  + *1 *1 0 "  7 3C7 + V > 6 (11)
m4 = ^2^10” S ? 9 + V^8 + ?2^10~ ^3^9 + ^ 4^8
^5 -  ^5^10”  ^6^9 + ^7^8 + ^5^10“  ^6^9 + ^7^8
It should "be noted that the form of equations 
(11) is related to the form of equations (2) 
which describe the G-rassman manifold. A similar 
relationship between the value of ß and the 
equation forX2_(4,2) exists in the simpler case 
where n = 4, p = 2 .
If equations (11) are substituted directly into 
equations (9), they do not immediately appear to 
satisfy any single equation in (9). This same prop­
erty held for the value of ß in case n = 4 , p = 2 . 
However if we compute
£0(eqn 9.1) + (eqn 9.8) - ^(eqn 9.2) - £2(eqn 9.6)
+ (eqn 9.3) + ^(eqn 9.5)
we obtain
^ 1 ^ 8  + ^8^1 "  ^ 2 ’ 6 -  ^6^2 + ^3^5 + *5 *3^
+ 5| + 5| + C5 + Cg +
- K  + + «9 + *?ol[*l*8 + *8*1 “ *2*6 - *6*2
+ ?3?5 + ^ 3 ]  = 0
(12)
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where we have used equations (2) and the values 
of , ßj , ß^ , and ß  ^ given in (11 ).
Since ^  = 1 , equation (12) becomes
[X] - ßl[i ~ Z^ + Zj + z\ + Z*0]- U 2 + + c?0] [x ]  = o
or
[X](1 - zl + s2 + ^  + q20) = ^ (1 - + c2 + c2 + 52q) .
If“ Z^ + Zy + tg + 52q 4 1 ) then
**1 = M  = 7i*8 + V i  - V e  - V 2 + V s  + % S  •
Thus the values we have in (11) for ß2 , ß^ , ^  
and ß  ^ imply the value for ^  given in (11 ).
If we took
*»9(eqn 9.1) + (eqn 9.9) - ^7(eqn 9.2) - ^2(eqn 9.7)
+ ^+(eqn 9.5) + ^(eqn 9.4)
and used the values for ß^  , ß^ , ß  ^ and ß  ^ as 
given in (11), we would find similarly that ß2 
had the value given in (11), etc..
These calculations do not provide conclusive 
proof that the ß  ^ (i=1 5) ‘have the values
given in (11), hut as the values in (11) are analogous 
to the value of ß in the case n = 4 , P = 2 , and
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as no other method seems to yield values for the 
j._^ j this seems to he the "best we can obtain.
The next step used by Mahler in the case 
n = h, p = 2 does not appear to be easily carried 
over to our case. For in the simpler case., the 
equations corresponding to our equations (9) were
?H - A5ji - m 5h+3 = 0 (H=1
Prom these equations using G = /„; A  , Kahler 
extracted each separately and obtained
= (?.,-%)/0-e2) , Aq = (?2-g?j /( 1-G2) ,
'Vj = /("I ~©2) , < ^4 = (-0 ^+7^)/(1-02) , (i3y
A?5 = (-g?2+?5)/(i-g2) , >U6 = (-g?5+?6)/0-g2) .
He then used these values in the one equation 
for _0.(4,2), viz.
+ 2^^ 5 + = ° (14)
and was able to obtain values for 9 and A .
He finally found the distance function ( S) of 
P in terms of the tac function 9(H) since
= maxH^0 | SH| /9(H)(^3 ) (15)
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This method relies heavily on the simplicity 
of the situation for K = 6 . When N - 6, the 
Lagrange equations have two equations relating each 
pair and ’ ’thusJ obtaining each
in terms of the >i ’s and other variables is simple. 
No such method seems to he available when N =10 . 
The manifold _C1(3,2) is described by five equations 
relating the ten coordinates, six at a time. The 
manifold XI (4,2) has, on the other hand, only one 
equation Y/hich relates all six coordinates. This 
is another simplifying factor for the case n = 4;
p = 2 .
The equations of the Lagrange method may be 
simplified if we change coordinates by putting
U1 = ^12 = S  ' u 2 = ^23 = ^5  '  u 3 “  ^34 ~ ^8  *
= ^45 = ^10 J u 5 = ” ^ 1 5 = ~^4 ; V1 = ^33 = ^9
CM
>
= “ ^-14 =  “ ^3 * v 3 = " r,25 = “ ^7  ' v4 = ^13 = ^
v 5 ~  ^24 ~  ^6 *
The equations (2) of the manifold may now be written
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~ 1 u. v, 1 1 U 2U 5 + V3V4 = 0
~ 2 - C\JCM
3
U3U1 + V4V 5 = 0
c< _ U^V, - u, u 0 v cv. 03 3 3 4 2 3 1
°"4 = V 4 - u cu_. 3 3 + V1y 2 = 0
^ 5 = U 5V 5 - u. u,1 4 + V2V 3 = 0
The spherical surface is represented by
15i=1 u^ + 2?1 1=1
(17)
(1 8)
and the Lagrange equation (8) "becomes:
§  = 2i=l uiUi+viVi - ui+vU 1) - 2i=1 ui*i
where «=< i are
4> with respect
as in (17). On differentiating 
to -cu, v. , we obtain
ui -  A - + ^i+1ui+2 + ^i-1ui-2 = 0
v i - A v l ~ ß lu i ^i+avi-i - ^i_2vi+1 = 0
(20)
for i = 1, 2,...., 5 , where UR ,
, . . . ., are the coordinates of H , an arbitrary
point in ^ . These equations (20) look neater 
hut are no simpler to solve.
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3. Second method using tac planes
The next method uses tac planes. The five 
equations (17) describing the manifold are not 
independent. Suppose without loss of generality 
that vP £ 0 . Then from the second, third and 
fifth equations of (17)
\  = <u1u3 " U2V2}/v5
V1 = ■ U3V3)/V3 (21)
u5 = <Vl " V2V3^V5
and with these values, the first and fourth equations 
of (17) are just identities.
Of the ten coordinates u^ , v^ (i=1,....,5) 
of hh , we express ur, v^  and v, in terms of 
the other seven coordinates when un is on the 
manifold. The intersection of the unit spherical 
surface C with the manifold _d is thus represented 
by the equation
2i=1 ui + Zi=2,3,5 vi + (u1u3-U2V2^/v1
+ (u 2u4-u3v3)2/ v  ^+ ( ^ - v 2v3)7v2 =1 (22)
together with the equations (21).
To find the convex hull of this intersection 
C ^  n  , we take the hyperplane
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t (23)
and, keeping the direction (U^,V^) of the plane 
constant, we vary the distance of the plane from 
the origin, till we find the maximum value of |t| 
for which the hyperplane just touches the set C n _Q. . 
Equation (23) for the hyperplane may he written
say. We perform a change of variables by putting
v
(24)
(23)
Equation (24) for the hyperplane may then be
written
G1 (26)
Equations (21 ) for the manifold become
y4 = Xlx3 - x2y2
yl = X2X4 ' x3y3 (27)
x5 = X4X1 " y2y3
and equation (22) becomes
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U
i=1 + Zi=2,3,5 yi + X^1X3 y2X2j 
+ (xgx^-x^y^)2 + (x^x1-y2y3)2]= 1 (28)
When the hyperplane has points in common with Cnn  }
we may substitute into (26) the values which
y^, y^  and x^ have on the manifold (as given
in (27)). From (28), which also describes 12. ,
we can take the value of vc and substitute it5
into the equation of the hyperplane (26). We obtain
°1 = [i - 21=1 aixi - Zi=2,3,5 V i  - a5(x4x1_y2y3}
- (x2x4"x3y3) ' \ (x1x3"x2y2)]/ [si=l xi
+ 2i=2,3, 5 yi +i(x1x3-x2y2)2 + (x2y4-x3y3)2 
+ (x4x1-y2y3)2]^ (29)
As v/e seek the maximum value of which allows
the hyperplane to touch but not cut Cn£l , we 
partially differentiate with respect to each
of its variables x ,^ y^ in turn. This leads to 
the equations
0 = a1 + aRx^ + b[(x^ + v^C[x1 + (x1 x^-x2y2)x^+(x^x1-y2y^)x^] 
0 = a2 + b^x^ - b^y2 + v^C[x2-(x1 x3-x2y2)y2+(x^-x^y^Jx^] 
0 = a ^ -  b^y^ + b^x1 + v5C[x^+(x1x^-x2y2)x1-(x2xi+-x^y^)y3J 
0 = + a ^  + b>)x2 + v^Ctx^+CxgX^-x^y^Xg+Cx^ - y ^ ^  ] 
0 = b2 - a^y^ - b^x2 + v^c[y2~(x1 x^~x2y2)x2~(x^x1-y^jy^] 
0 = b3 - a^y2 - b ^ ^  + v^C[y^-U^-x^y^x^-Cx^-y2y3)y2]
(30)
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These equations give, on returning to the original 
variables,
U1U1 + U2U2 " U3U3 - \ \  -  V2v2 + V3v3
+ 4 u. i - 4 ♦ i
(31)
The family of tac planes so determined yields 
a corresponding family of closed half spaces, two 
for each tac plane. The intersection of the closed 
half spaces containing G n O- is the convex hull 
of C nO. . if it were possible to give simply a 
description of the intersection of these half 
spaces, our problem would be finished. In practice, 
this seems at the moment to be an unattainable goal.
4. Third method using Theorem 2
We next attempt to describe P ^  by using 
Theorem 2.
The G-rassman manifold 0.(5, 2) is described
by the equations (2). The intersection of this
10 2manifold with the spherical surface C : 2i=1 1
is given by the equations
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(a )  + ( ? 2 - ^6^ + ^ 3+^ 5 ^2+^4 +^ 7+^ 9+^ i o  = ^
( a ' )  (C1 - 5 8 ) 2+ ( ^ 2+^ 6 ) 2+ ( ^ - ? 5 ) 2+5 2+^2+5 2+?2o = 1
0 » , * ' )  ( C1^ 9 ) 2+ ( ^ 2± C7 ) 2+ ( ^ 5 ) 2+ ? ^ ^ | + ? ^ 0 =  1 
( c , C )  (51± ^ 0 ) 2+(?3?C7) 2+ ( ^ 6 ) 2+52+52+c| + ^  = 1
( 4 . 4 ' )  ( ^ 2 ^ 1 0 ) 2 + ( S ^ 9 )2+(54± 5 8 ) 2+? i2+^ +?6+^7 = 1 
( e , e ' )  (5 5±51 0 ) 2+(C6¥5 9 ) 2+ (5 7± 5 8 ) 2+ 5 ? + 5 |+ 5 |+ 5 j  = 1
[Any p o i n t  v/hich s a t i s f i e s  b o t h  ( 2 ) and (6 ) a l s o  
s a t i s f i e s  t h e  sum and d i f f e r e n c e  o f  (6 ) and tw ic e  
( 2 ) .  The r e s u l t  o f  t h e s e  o p e r a t i o n s  i s  t h e  s e t  o f  
r e l a t i o n s  (3 2 ) .  C o n v e r s e ly ,  any p o i n t  which  s a t i s ­
f i e s  e q u a t i o n s  (32) a l s o  s a t i s f i e s  t h e  suin and 
d i f f e r e n c e  o f  say  (32a )  and  ( 3 2 a ’ ) .  T h is  g i v e s  
e q u a t i o n  ( 6 ) and t h e  f i r s t  e q u a t i o n  o f  ( 2 ) .  Thus 
e q u a t i o n s  (32) d e s c r i b e  t h e  r e q u i r e d  i n t e r s e c t i o n
Using  Theorem 2 , we se e  t h a t  t h e  p ro b lem  i s  
s o l v e d  i f  we can  f i n d  t h e  convex h u l l  o f  t h e  r e g i o n  
r e p r e s e n t e d  b y  e q u a t i o n s  (3 2 ) .  F o r  a g i v e n  e q u a t i o n  
i n  ( 3 2 ) ,  t h e  s e t  o f  p o i n t s  s a t i s f y i n g  t h a t  e q u a t i o n  
i s  c l e a r l y  c l o s e d .  I f  e ach  such  s e t  were  convex,  
t h e n  C n  would  be i t s  own convex h u l l .
To i n v e s t i g a t e  t h e  c o n v e x i t y  o f  t h e  r e g i o n  
d e f i n e d  b y  e q u a t i o n  ( 3 2 a ) ,  we suppose  2  and iTj
68
a r e  two p o i n t s  s a t i s f y i n g  (32a)  and we se e  w h e th e r  
t h e  p o i n t  t  Z  + ( 1 - t )  ZZ’ w i t h  0 < t  < 1 a l s o  
s a t i s f i e s  ( 3 2 a ) . We f i n d  t h a t
[tq+o-tjq+tq+o-toq] 2 + [t(q-q)+o-t n q -q ) ] 2 
+ [ t (q+q,> + (1 -t) (q+q) ] 2 + 2^  -j  ^q [ tq+(1-t)q] 2 _< 1 (33)
"by u s i n g  th e  Cauchy-Schwarz  i n e q u a l i t y
12 a i b i | < [2  a 2 ]* [2  Id2 ]^  (34)
E q u a l i t y  p e r t a i n s  i n  t h e  Cauchy-Schwarz  i n e q u a l i t y  
o n ly  when a i  where  A i s  a c o n s t a n t ,  i n d e p ­
e n d e n t  o f  i  . Thus we have  e q u a l i t y  i n  ( 3 3 ) i f  and 
o n ly  i f
q + q  = A(q + q) , . . . .  ,q 0 = A q 0 .
S in c e  CZ and GZ T s a t i s f y  ( 32a ) ,  we have  A " = 1 
and A = +1 . So i t  i s  c l e a r  t h a t  t h e  s e t  o f  p o i n t s  
s a t i s f y i n g  e q u a t i o n  (32a)  i s  n o t  convex,  and o u r  
p r o p o s e d  p r o o f  f a i l s .
3. F o u r t h  m ethod  u s i n g  Theorem 1 
The s e t s  d e f i n e d  h y  th e  i n e q u a l i t i e s
( q + q ) 2 + ( q - q ) 2 + ( q + q ) 2 + q2 + + 1% + q20 < 1
( q - q ) 2 + ( q + q ) 2 + ( q - q ) 2 + ^  + 57 + q j  + < 1
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are however convex sets. These sets do not define
the intersection of the set of points satisfying
the first equation of (2), with the spherical
surface 2^ _,j = 1 ; nor is it at all obvious
that they define the intersection of the set of
points satisfying the first equation of (2) with 
10 - 2the sphere 2 _^.^ <_ 1 . If we could prove this
last fact, the set defined by the inequalities
T£g)2+(£2+££)2+(^:^ 5)2+^ 4+^7+ 9^+ ?^o — ^
(^1  +^9) 2+ (^2 “ ^7^ 2 + ^ 4 :f:^ 5 y! 2+^3+^6+^8+H  0 — 1
(q>l +^>]q) 2+ (^^± ^y ) 2+ (^ + C ^ )2+C2+^5+^8'1’^9 — 1
(q+510)2+(^ 3±q)2+(q+c8)2+q2+^ ^ 2 +c2 < 1
(^5+ q 0)2+(56±?9)2+(57^ 8)2+q2+^!+^|+^ < 1
(?)would, by Theorem 1, represent 2£ J , the inter­
section of the manifold. XI (5, 2) with the sphere
Each of the ten inequalities in
(2)(36) represents a convex set. Thus 2  ^ y , the
set of points which satisfy all the inequalities
(36), would be the intersection of ten convex sets,
is the convex 
0
'k 2 ) and so P  i2  ^ would also be described
4=1 4  s 1
and therefore would be convex. P ^ 2^
hull of 2,’5 -----  ' 5
by the above inequalities.
70
However, we are unable to prove that (35)
represents the intersection of the set of points
satisfying the first equation of (2) with the 
10 2sphere _< 1 . Any points satisfying
Kj Kq - ^2^6 + ^3^5 = 0 and the irLeQ-uality
i^^ -1 1 satisfy (35)* Conversely (by addition),
any points satisfying (35) satisfy the inequality 
10 22^  £  1 . But we are unable to prove that any
points satisfying (35) also satisfy the first 
equation of (2).
Thus we are unable to complete our proposed 
proof.
6. A conjecture. Rotations.
All that we have said above, coupled with the 
fact that the inequalities (36) are the analogue 
of those found by Mahler to be the answer for the 
case n = b, p = 2 , seem to indicate that a 
reasonable conjecture is that is described
by the inequalities (36)•
This conjecture is in accord with results we 
have which concern several types of rotations. We 
have found that several types of rotations leave 
the equations (2) of the manifold and (6) of the
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unit sphere invariant, so that the intersection of 
the manifold and spherical surface is also invariant 
under these types of rotations, and the convex hull 
of this intersection should also be invariant. These 
rotations leave the left-hand sides of the inequal­
ities (36) invariant, so this evidence agrees with 
our conjecture that the inequalities describe the 
required convex hull.
The types of rotations which leave the left- 
hand sides of (2), (6), (32) and (36) invariant are:
(i) Any orthogonal rotation of two of the 
axes in the original space R^.
(ii) Any infinitesimal rotation in Rc .
D
(iii) Any permutation of two of the coordinates
of Rk .
0
An orthogonal rotation (i) may he represented 
for example by x^  -> x^cos|3+ x^sinp , x2 ,
x3 -> -x^inp + x^cosp , x^ x^  , x^ x3 , 
where X = (x^,x2,x^,x^,x^) is a typical point of R^
An infinitesimal rotation in R3 can be repres­
ented by the matrix A where the a ^  ’s are so 
small that products aj_japi can neglected.
72
1 a 1 2 a 13 a 4  I14 al 3
" a 12 1 a 23 a 2 U a 2 5
~a13 "a 23 1 a vl34 a35
“a l4 "a 24 "a34
1
a45
- a .  r-15 ~a 25 “a35 ” a45 1
C o m p u ta t io n  o f  t h e  c o o r d i n a t e s  o f  t h e  r o t a t e d  p o i n t
i s  m ost  c o n v e n i e n t l y  c a r r i e d  o u t  by  a p p l y i n g  th e
compound o f  t h i s  m a t r i x  to  t h e  c o o r d i n a t e s  o f  t h e
compound p o i n t  !Z = , .......... , • The f i r s t
row o f  t h e  compound m a t r i x  i s  fo rm ed  by  t r e a t i n g
rows one and two o f  A a s  two p o i n t s  i n  R,_ and
D
f i n d i n g  t h e i r  compound p o i n t  i n  t h e  u s u a l  way. The
t e n  c o o r d i n a t e s  o f  t h i s  p o i n t  a r e  t h e  t e n  e n t r i e s
i n  t h e  f i r s t  row o f  t h e  compound m a t r i x .  We g e t
t h e  o t h e r  rows o f  t h e  compound m a t r i x  by  t h e  same
p r o c e s s ,  p a i r i n g  t h e  rov/s o f  A i n  l e x i c o g r a p h i c
o r d e r :  1 , 3 ;  1 , 4 ;  1 , 5 ;  2 , 3 ;  2 , 4 ; ...............
A p e r m u t a t i o n  ( i i i )  o f  t h e  c o o r d i n a t e s  i n  Rc
D
h a s  t h e  e f f e c t  t h a t  t h e  e q u a t i o n s  which d e s c r i b e  
t h e  m a n i f o ld  a r e  i n t e r c h a n g e d .  S i m i l a r l y ,  t h e  
e q u a t i o n s  i n  (32) a r e  i n t e r c h a n g e d ,  a s  a l s o  a r e  
t h o s e  i n  (36) .
Thus th e  i n v a r i a n c e  o f  P . and o f  t h e  s e t
D
d e s c r i b e d  by  (3 6 ) ,  u n d e r  t h e s e  t h r e e  t y p e s  o f
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rotations, supports tout does not prove our conjecture 
that P is described toy the inequalities (36).
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